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Introduction

Integral inequalities play a big role in the study of differential integral equation and
partial differential equations. They were introduced by Gronwall in 1919 [13], who
gave their applications in the study of some problems concerning ordinary differential

equation.

Since that time, the theory of these inequalities knew a fast growth and a great
number of monographs were devoted to this subject [4, 14, 15, 38]. The applications
of the integral inequalities were developed in a remarkable way in the study of the
existence, the uniqueness, the comparison, the stability and continuous dependence
of the solution in respect to data. In the last few years, a series of generalizations of
those inequalities appeared. Among these generalization, we can quote Pachpatte’s
work [27].

In the last few years, a number of nonlinear integral inequalities had been estab-
lished by many scholars, which are motivated by certain applications. For example,
we refer the reader to literatures ([1],[31],[33]) and the references therein. However,
only a few papers [27, 25, 23| studied the nonlinear delay integral inequalities and
integrodifferential inequalities as far as we know.

In fact, in the quantitative of some classes of delay partial differential equations, in-
tegral equations and integrodifferential equations, the bounds provided by the earlier
inequalities are inadequate and it is necessary to seek some new integral inequalities,
delay integral inequalities, integrodifferential inequalities in the case of the functions

with one and more than one variables which can be used as tools in this way.



The aim of the present work is to give an exposition of the classical results about
integral inequalities with have appeared in the mathematical literature in recent years;
and to establish some new integral inequalities, integrodifferential inequalities and also
many new retarded integral inequalities. The results given here can be used in the
qualitative theory of various classes of boundary value problems of partial differential
equations, partial differential equations with a delay, differential equations, integral
equations and integrodifferential equations.

The work begging by presenting a number of classical facts in the domain of
Gronwall inequalities and some nonlinear inequalities in the general cases, we collected
a most of the above inequalities from the book "Integral inequalities and applications"
by Bainov and Simeonov [4].

In the chapter 2, we establish some new nonlinear integral inequalities for functions
of one variable, with a further generalization of these inequalities in to function with n
independent variables. These results (extend the Gronwall type inequalities obtained
by Pachpatte [27, 2002] and Oguntuase [25, 2001].We note that our results in this
chapter are published in E.J.D.E. (see : [10])

In the chapter 3, we establish some new linear and nonlinear integrodifferential
inequalities for functions of n independent variables, which can be used as tools in
the theory of partial differential and integrodifferential equations. The present results
(in press : [16] ) are a generalizations of some inequalities proved in [32].

The purpose of the chapter 4 is to establish some nonlinear retarded integral
inequalities in the case of functions of n independent variables which can be used

as handy tools in the theory of partial differential and integral equations with time



delays. These new inequalities represent a generalization of the results obtained by
Ma and Pecaric [23, 2006], Pachpatte [29, 2002] and by Cheung [5, 2006] in the case
of the functions with one and two variables.

We illustrate this work, in the end of each chapter (2-4), by applying our new

results to certain boundary value problem and some integral equations with a delay .



Chapter 1

Classical Gronwall Inequalities

This chapter is presenting a number of classical facts in the domain of Gronwall
inequalities and some nonlinear inequalities in the general cases, we collected a most
of the above inequalities from the book "Integral inequalities and applications" by

Bainov and Simeonov [4].

1.1 Some Linear Gronwall Inequalities

In the qualitative theory of differential and Volterra integral equation, the Gronwall
type inequalities of one variable for the real functions play a very important role.
the first use of the Gronwall inequality to establish boundedness and stability is due
to Bellman. For the ideas and the methods of Bellman see [3] where further references
are given.

In 1919, Gronwall [13] proved a remarkable inequality which has attracted and

continues to attract considerable attention in the literature.



Theorem 1 (Gronwall-bellman-Bihari) Let u, Vand g be real continuous func-

tions defined in la,b],g(t) > 0 for t € [a,b]. Suppose that on [a,b] we have the

1mequality
t
u(t) < W(t) —i—/ g(s)u(s)ds.
Then

utt) < W)+ [ o)) e (/ tg(a)do) ds.

Proof. Define the function

for t € [a,b]. Then we have y(a) = 0 and

y(t) = g(tyult)

< g®)¥(t) +9@)y(t), € la,b].

By multiplication with exp (— fat g(s)ds) >~ 0, we obtain

% (y(t) exp (— /atg(s)ds» < U(t)g(t) exp (_ /atg(s)ds) ,

By integration on [a, ], one gets

e (- [ tg(s)ds) < [ (- [ atras) as

from where results

o0 < [ wtew (- [ otxs)ds, 1ot

Since

u(t) < W(t) +y(),

(1.1)

(1.2)

(1.3)



the theorem is thus proved m
Next, we shall present some important corollaries resulting from the Gronwall

ineqaulity above.

Corollary 2 If VU is differentiable, then from (1.1) it follows that

u(t) < U(a) (/atg(s)ds) + /at exp (— /:g(m)dm) ' (s)ds,

for all t € [a,b].
Corollary 3 (Gronwall ineqaulity ) If U is constant, then from

u(t) < U +/ g(s)u(s)ds

it follows that

i < ve | tg(s)ds) .

Filatov [12] proved the following linear generalization of Gronwall’s inequality.

Theorem 4 Let u be a continuous nonnegative function such that

u(t) <a+ /t b+ cu(s)]ds,  fort >t

to
where a >0, b>0 and c > 0.

then for t >ty u(t)satisfies

ut) < (2) fexp et = ) = 1) + acxp clt - o).

C

More general result was given in Willett [37]. Here we give an extended version

due to Beesack [2]



Theorem 5 Let u and k be continuous and a and b Riemann integrable functions

on J = [a, 5] with b and k nonnegative on J.

(1) If

u(t) < al(t) + b(t)/ k(s)u(s)ds, teJd, (1.4)

[0}

then
t

Mﬂga@f+wﬂ/hM@Mﬁ@m<ZTMmM@¢Qd& (1.5)

For all t € J. Moreover, equality holds in (1.5) for a subinterval J; = [a, 8] of J if
equality holds in (1.4) for t € J;.
(ii) The result remains valid if < is replaced by > in both (1.4) and (1.5) .

(iii) Both (i) and ’(i1) remain valid if fi is replaced by ftﬁ and fst by [, throughout.
Remark 6 Pachpatte [26] Proved an analogous result on R* and (—o0, 0].
Remark 7 Willett’s paper [37] also contains a linear generalization in which b(t)k(s)

is replaced by Z bi(t)k;(s).

1.2 Analogues of Gronwall’s Inequality

1.2.1 Nonlinear Inequalities

We can consider various nonlinear generalisations of Gornwall’s ineqaulity.

The .following theorem is proved in Pachpatte [27]

Theorem 8 Let u be a nonnegative function that satisfies the integral ineqaulity

mwgc+/kagmg+mgw®»@, (1.6)

to
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fore >0, a >0, wherea(t) and b(t) are continuous nonnegative functions fort > t.

(1) For 0 < o < 0 we have

u(t) < {claexp l(l—a) /t:a(s)ds]

+(1—a) /t: b(s) exp {(1 —a) /Sta(:c)dm} ds}l_“ |

(i) For a = 1 we have

u(t) < cexp (/t [a(s) + b(s)] ds) ;

to

(i) For o = 1 , with the additional hypothesis

<fosp oo [ aon] } a0 [am) T

we also get fortg <t <tqg+ h, for h =0,

ult) < c{exp {(1—04) / ta(s)ds}

cl(a1)/t:b:s)exp l(l—a) /Sta(a:)dx] ds}lla.

Remark 9 Inequality (1.5) is also considered in Willett [37], willett and Wong [36].

and Chu and Metcalf [7]

The following theorem is modified version of theorem proved in Pachpatte [27]

(see also : [25]).

Theorem 10 If

alt) < f(t) + ¢ / D (s)uc (s)ds,
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where all functions are continuous and nonnegative on [0,h], 0 <« <1 and ¢ > 0,

then
< 0+ | tcln—a(s))la,

where &, is the unique root of & = a + b&™.
Pachpatte [27] also proved the following result:

Theorem 11 If

u(t) < e+ 02/0 O(s)u*(s)ds + 63/0 O (s)u”(s)ds,

c1 >0, g >0, ¢35 > 0, and the functions u(t) and ®(t) are continuous and

nonnegative on [0, h], the for 0 < o < 1 we have

ult) < ( Lo 4 (1 a) /Ot@(s)ds> o

where &, is the unique root of equation

C2Cq

ra — &7 — (1 —a) /Oh ®(s)ds = 0.

Co + ng 4
C3 C3

Ifa>=1and c2(1—a) foh ®(s)ds < c;, there exists an interval [0,5] C [0, h] where

t =
u(t) < <c}—a+02(a .y / @(s)ds) |
0
A related result was proved by Stachurska [34].:

Theorem 12 Let the functions u,a,b and k be continuous and nonegative of J =

[, B], and n be a positive integer (n > 2) and § be nondecreasing function. If

t

u(t) < alt) + b(t)/ k(s)u"(s)ds, teJ, (1.7)

«
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then

1

u(t) < alt) {1 —(n—1) /at k(s)b(s)a”‘l(s)ds}l_a , (1.8)

a<t<p,, where
B, = sup {t eJ:(n—1) /t k‘(s)b(s)a”_l(s)ds} :

Remark 13 The ineqaulity (1.7) was considered by Maroni [24], But without the
assumption of the monocity of the ratio . He obtained two estimates, one for n > 2
and another for n > 3. Both are more complicated than (1.8) . Forn = 2 and §

nondecreasing, Stachurska’s result can be better than Maroni’s on long intervals.

1.2.2 Inequalities with Kernels of (L)-Type

In this section we present some natural generalisations of Gronwall ineqaulities for
real functions of one variable with kernels satisfying a Lipschitz condition (see: (1.9)),

which are important in the qualitative theory of differential eqautions.

Theorem 14 (Bainov and Simeonov ,[4]) ; Let A, B : [a, 5]— R*, L: [a, B[xRT —

R* be continuous functions and
0<L(t,x) = Lt,y) < M(t,y)(x —y), telnfl, z>y=>0, (1.9)

where M is nonnegative continuous function on [a, B[XR™.
Then for every nonnegative continuous function u : [a,t] — RT satisfying the in-

eqaulity

t

u(t) < A(t) + B(t)/ L(s,u(s))ds, te€ [a,p]. (1.10)

o
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We have the estimation

t

u(t) < A(t) + B(t)/

a

l&uAmﬁam(liM@wﬂﬂﬂ%®%>d%

for all t € [a,S].

Now, we can give the following two corollaries that are obvious consequences of

the above Theorem.

Corollary 15 Let us suppose that A, B : [a,f[— R, G : [a, B[xRT — Rt are

continuous and
0<Glt,r)— Glty) < Nt —y), telmfl, x>y>0,  (L11)

where N is nonnegative continuous function on [a, [3].
If u: [a,t] = RT is continuous and satisties the ineqaulity

t

u(t) < A(t) + B(t) / Gls,u(s))ds, 1€ [a B (1.12)

[0}

We have the estimation

u(t) < A(t) + B(t)/

«

Gl A(r)) exp ( / t N(s)B(s)ds) dz,

for all t € [a, .

Corollary 16 Let A, B,C : [o, f]— RT, H : R™ — R be continuous and H satisfies

the following condition of Lipschitz type:

0<H(x)—H(y) <M(x—vy), M>=0, z>y>0, (1.13)
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If u: [a,t] = RT is continuous and satisties the ineqaulity

t

u(t) < A(t) + B(t)/ C(s)H(u(s))ds, t€ [a,p] (1.14)

[0}

We have the bound

t

u(t) < A(t) + B(t)/

«

C(x) H(A(x)) exp (M / t C(s)B(s)ds) da,

for all t € [a, S].

For more generalisations of above Theorem, we refer the reader to literatures

([9],[4] and [31]) and the references therein.

Remark 17 Putting H : Rt — R*, H(x) =z, we obtain Lemma 1 of [8] which a

natural generalisation of the Gronwall ineqaulity.



Chapter 2

Some Generalisations of Classical

Integral Inequalities

In the present chapter we establish some new nonlinear integral inequalities for func-
tions of one variable, with a further generalization of these inequalities in to function
with n independent variables. These results (see: [27]) extend the Gronwall type
inequalities obtained by Pachpatte [27] and Oguntuase [25].

In the last section of this chapter, we present some applications of our results to
study certain properties of solutions of the nonlinear hyperbolic partial integrodiffer-

ential equation.

2.1 Nonlinear Generalisations in One Variable

Our main results are given in the following theorems:

15
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Theorem 18 Let u (t), f(t) be nonnegative continuous functions in a real interval
I = [a,b]. Suppose that k (t,s) and its partial derivatives k; (t, s) exist and are nonneg-
ative continuous functions for almost every t,s € 1. Let ®(u(t)) be real-valued, pos-
itive, continuous, strictly non-decreasing, subadditive, and submultiplicative function
for u(t) > 0 and let W (u(t)) be real-valued, positive, continuous, and non-decreasing
function defined for t € I. Assume that a(t) is a positive continuous function and

nondecreasing for t € I. If

+ /atf (s)u(s)ds—+ /atf (s) W (/: k(s,7) ®(u (T))dT) ds, (2.1

fora <1t <s<t<b, then fora <t < t,

ult) < t& /f © 2.2)

where

o) = 1+ / £(s) exp < / o da) (2.3)

¢ = /k;(b s)®(p(s)al(s))ds, (2.4)

a

U(r) = /{:%, x> x> 0. (2.5)

Where U1 is the inverse of ¥ and tyis chosen so that

woafk@ﬂwmmm/ﬁwmwm6mm@*»

Proof. Define a function z(t) by

t +/:f(s)W </:k:(s,7')<l>(u (ﬂ)df) ds, (2.6)
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then (2.6) can be restated as

+/ f(s)u(s)ds, (2.7)

clearly z(t) is nonnegative and continuous in t € I, using lemma ?? to (2.7), we get

+ /at f(s)z(s) exp (/a f(ff)da) ds; (2:8)

moreover if z(t) is nondecreasing in t € I, we obtain
u(t) < z(t)p(t), (2.9)
where p(t) is defined by (2.3). From (2.6), we have

+/ f(s)W(v(s))ds, (2.10)

where

v(t):/ k(t,s)®(u(s))ds. (2.11)

\

v

| S
L
»

s oo 1
< /:k‘(ts ds—i—/k‘ ( /f(T)W(U(T))dT) ds

ds+/k ( /f dT) v(s))) ds

C+ / ( ) [ 1) e i) ds (212

Where ( is defined by (2.4).

AN
1\0_
ol
—~~
0‘
CIJ

IN

Since ® is a subadditive and a submultiplicative function, W and v(t) are nondecreas-

ing. Define r(t) as the right side of (2.12), then r(a) = ¢ and v(t) < r(t), r(t) is
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positive nondecreasing int € I and

r’(t)=ktt<1><t/tfrd7)<1> (v(t)))

/ktts /f ) dr)® s)))ds,

3 (W(r(t) l ( /fTT)
sl fr)], e

dividing both sides of (2.13) by ® (W (r(t))) we obtain

@(V;((?(t))) < [/atk:(t,s)cb(p(s) /:f(T) dr)ds]/. (2.14)

IA

Note that for

it follows that

@) = (2.15)

From (2.15) and (2.14), we have

Yoo <1 [ ko) [ f @), (2.16)

integrate (2.16) from a to t, leads to

W) <O + [ Kt 2006) [ 1) dna
r(t) < vt (\I/(C) + /atk (t,s) @(p(s))q)(/: f(r) dT)ds) : (2.17)

By (2.17),(2.12) ,2.10) and (2.9) we have the desired result m

then
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Remark 19 The preceding Theorem is a generalization of the result obtained by
Pachpatte in [27, Theorem 2.1].and the inequality in (2.1) can be considered as a

further generalization of the inequality given in ([25],[15]) .

Theorem 20 Let u (t), f(t),b(t), h(t) be nonnegative continuous functions in a real
interval I = [a,b]. Suppose that h(t) € C'(I,R") is nondecreasing. Let ®(u(t)), W (u(t))

and a(t) be as defined in Theorem 18. If

u(t) < alt) +/ f(s)u(s)ds +/ f(s) h(s)VV(/S b(7)®(u(7))dT)ds,
fora <1t <s<t<b, then fora <t < t,,

ut) < p<t>{a<t>+ [ r e @)

+ [0 (o) [ 5010001 ) ar ) s}

Where p(t) is defined by (2.2), ¥ is defined by (2.7) and
b
0= [ )2 (s)als)is,
the ty is chosen so that W(9) + [*b(T)®(p (1) [T f (o) h(o)do)dr € Dom (V).

The proof of the above theorem follows similar arguments as in the proof of The-

orem 18; so we omit it.

Remark 21 The preceding theorem is a generalization of the result obtained by Ogun-

tuase in [25, Theorem 2.3, 2.9].

In this section we use the following class of function.
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Definition 22 A function g : R, — R, is said to belong to the class S if it satisfies

the following conditions,
1. g(u) is positive, nondecreasing and continuous for © > 0 and
2. (1/v)g(u) < g(u/v), u>0,v>1.

Theorem 23 Let u(t), f(t),a(t), k(t,s),® and W be as defined in Theorem 18, let

ges . If

s <at)+ [ 1@ suends+ [ 1w ([ ke swmr) s @

fora <t <s<t<b, then fora <t <ts,

ult) < ﬁ<t>{a<t>+ [ 1o e

+ [ reneee [ fodar)ah. @
Where
s = o (20)+ [ fas). (220
¢ = /abk<b,s)<1>@<s>a<s)>ds, (2.21)
Q®5) — /j%, 5>e>0. (2.22)

Where Q1 is the inverse function of Q, and ¥, U~ are defined in theorem 18, tsis

chosen so that Q(1) + [\ f(s)ds is in the domain of @', and

v+ [ ke (s,7) B(p(r))B( / " f (o) do)dr,

is in the domain of ¥~'.Proof. Define the function

2(t) = al(t) + /:f (s)W </k: (s,7) D(u (ﬂ)df) ds, (2.23)
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then (2.18) can be restated as

ut) <=0+ [ () g(u(o)ds (2.24)

When z(x) is a positive, continuous, nondecreasing in x € I and g € S,then it can be

restated as

u(t) )
dh e [ rmats

The inequality (2.25) may be treated as one-dimensional Bihari-lasalle inequality (see

)ds. (2.25)

[4]), which implies
u(t) < p(t)=(t), (2.26)
where D(t) is defined by (2.20). By (2.23) and (??) we get

u@smwhwﬁ/ﬂﬁwwmw,

where

Now, by following the argument as in the proof of Theorem 18, we obtain the desired

inequality in (2.19). m

Remark 24 Under some suitable conditions in the above Theorem, the inequality in

(2.18) can be considered as a further generalization of the inequality given in [27,

Theorem 2.1].

Theorem 25 Let u(t), f(t),b(t), h(t),®(u(t)), W(u(t)) and a(t) be as defined in

Theorem 20, let g € S. If

u(t) <alt)+ /atf (s)g(u(s))ds + /atf (s) h(s)W (/: b(r)P(u (T))dT) ds, (2.27)
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fora <t <s<t<b, then fora <t <ty

) < 50 (a0 + [ P16 (00)
+ / b(r) 0 (7) / o) h(o)do)ch) ds}. (2.28)

Here p(t) is defined by (2.20), V is defined by (2.7) and

the value ty is chosen so that (9) + [ b(T)®(B (1) [T f (0) h(0)do)dr € Dom(¥~1).

The proof of the above theorem follows similar argument as in the proof of The-

orem 23, we omit it.

2.2 Nonlinear Generalizations in Several Variables

In what follows we denote by R the set of real numbers, R, = [0, 00). All the functions
which appear in the inequalities are assumed to be real valued of n variables which
are nonnegative and continuous. All integrals are assumed to exist on their domains
of definitions.

Throughout this paper, we assume that I = [a; ] in any bounded open set in the
dimensional Euclidean space R™ and that our integrals are on R"(n > 1), where a =
(a1, as,....,a,),b = (b1,bg,....,b,) € R. For & = (21,22, ..7,),t = (t1,ta,...t,) €1, we

shall denote the integral

x x1 xT2 Tn
/ = / / / cdty,...dty.
a al a an



23

Furthermore, for z,t € R", we shall write t < x whenevert; < z;, 1 =1,2,...,n.and 0 <
a<z<bjorxeland D= DiD,..D,, where D; = %, for 1=1,2,....n.

Let C(I,Ry) denote the class of continuous functions from I to R,.

Remark 26 The following theorem deals with n-independent variables versions of

the inequalities established in Pachpatte [27, Theorem 2.3].

Theorem 27 Letu(x), f(z),a(x) € C(I,R,) and let K (z,t), D;k(x,t) bein C(I x I,R})

foralli=1,2,....,n and ¢ be a nonnegative constant. (1) If

u(r) <c+ /:f (s) {u (s)+ /as k(s,7)u(r) dT] ds, (2.29)

forx el anda <17 < s <b, then

u(z) < e [1 + /:f(t) exp (/t (F(s) + k(b, 5)) ds) dt} | (2.30)

(2) If
u(z) <alz)+ /ax f(s) {u (s)+ /:k (s,7)u(T) dT] ds, (2.31)

forzelanda<t<s<b, then
u(z) <a(z)+e(z) [1 + /j f(t)exp (/at (f(s)+ k(b,s)) ds) dt} ) (2.32)
where
e(x) = / ") [a (s) + / ks, 7)a () dT] ds. (2.33)
Proof. (1) The inequality (2.29) implies the estimate

u(z) §c+/;f(s) [u(s)—l—/:k(b,T)u(T)dT} ds.
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We define the function

then z(ay, z2, ...,x,) = ¢ , u(x) < z(z) and

Dz(zx) = f(x) {u(z)—k/jk(b,s)u(s)ds},
< fla) [z(x)+/:k(b,s)z(s)ds}.

Define the function

Du(z) = Dz(z) + k(b,2)z(z) < (f(z) + k(b,x)) v(x). (2.34)

Clearly v(x) is positive for all x € 1, hence the inequality (?7) implies the estimate

< f(z) + k(b, v);

that is

hence

Dn <D1D2...Dn_1U(ZL’)

o(2) ) < f(x) + k(b, z).

Integrating with respect to x,, from a, to x, , we have

D1 Ds...D,,_qv(x)
v(z)

S / [f(zl’ w0 In—1, t”) + k(b7 L1y ey Tn—1, tn)] dtna
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thus
v(z)D1Ds... D, 1v(x) on
1}2(,@) < /an [f('rla"'vxn—htn) +k<b’x17""x”_1’t”>] dtn
(Dn_l’U(fL’))(DlDQ...Dn_27}<I))
+ 3 .
v*(z)
That is

Di1Ds5...D,, Tn
Dn1< 1D : 7; 2U($)) S/ (f(x1, @1, tn) + k(b xq, oy X1, t)] dip,
v(x a

integrating with respect to x,,_1 from a,_1 to x,_1 , we have

D1 Ds...D,,_ov(z) - /%1

Tt 1, b
U(.I‘) /avn [f(xlu y Tn—2 1 )

n_l

—{—]{I(b, T1y.ery Tn—9, tnfl, tn)]dtndtn,1

Continuing this process, we obtain

Dyv(x)
v(x)

T2 Tn
S / / [f(.fb'l,tg,tg,...,tn)+k(b,$1,t2,t3,...,tn)] dtndtg
a2 an

Integrating with respect to x1 from ay to x1, we have

v(x)

v(ay, T, ..., Ty)

log

< [ 1)+ ko) s
that 1is,

o(z) < coxp ( / L) + k(b )] dt) | (2.35)
Substituting (2.35) into Dz(x) < f(x)v(x), we have

D2(x) < cf (z) exp ( / L) + k(1] dt) | (2.36)

integrating (2.36) with respect to the xz, component from a, to x,, then with re-

spect to the a,_1 to x,_1, and continuing until finally ay to xy1, and noting that
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z(ay, xg, ..., x,) = ¢ , we have

2) < c {1 + / F(t) exp (/t [£(5) + k(b ) ds> dt] |

This completes the proof of the first part.

(2) Define a function z(x) by

o(2) = / ") {u (s) + / ks, ) u () dT} ds. (2.37)

Then from (2.31), u(z) < a(x) + z(z) and using this in (2.37), we get

IN

z(x) /j f(s) [a (s) +2(s) + /a k(s,7)[a(r) + Z(T)]df} ds,

e(x) + /: f(s) {z (s)+ /as k(s,7)z(7) dT} ds. (2.38)

IN

Where e(x) is defined by (2.33). Clearly e(x) is positive, continuous an nondecreasing

for all z € 1. From (2.38) it is easy to observe that

et [ [ [ ren e o

N

s

Now, by application the inequality in part (1), we have

2 (2) < e(x) {1 + / " F(t) exp ( / C(F(5) + k(b 5)) ds) dt} S (2.39)

The desired inequality in (2.32) follows from (2.39) and the fact that u(x) < a(zx) +

2(z). m

The following theorem deals with n-independent variables versions of the inequal-

ities established in Theorem 23. We need the inequalities in the following lemma (see

[15] ).
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Lemma 28 (/15, Khellaf])Let u(x) and b(x) be nonnegative continuous functions,
defined for x € 1.,and let g € S. Assume that a(x) is positive, continuous function ,

nondecreasing in each of the variables x € 1 . Suppose that

u(z) < c+ /x b(t)g (u(t)) dt, (2.40)

holds for all x € T with x > a, then

u(z) < G1 [G(c) + /ax b(t)dt] , (2.41)

for all x € T such that G(c) + [ b(t)dt € Dom(G™"), Where G(u)=/[,. dz/g(2),u >

O(UO > O)

Theorem 29 Letu(z), f(z),a(x) and k(x,t) be as defined in Theorem 27.Let ®(u(z))
be real-valued, positive, continuous, strictly non-decreasing, subadditive, and submul-
tiplicative function for u(x) > 0 and let W (u(x)) be real-valued, positive, continuous,
and non-decreasing function defined for x € 1. Assume that a(z) is positive continuous

function and nondecreasing for x € 1. If

u(z) <alx)+ /xf (t) g(u (t))dt + /I feyw (/ k(t,s) @(u(s))ds) dt, (2.42)
fora<s<t<axz<b, then fora <z < z*,

u(z) < B () {alz) + [; f(t)
W [‘11‘1 (xp(n) + [ kb, 5)® [B(s) [ f () dr] ds)} dt},

(2.43)

where

Blz) = G! (G(1)+/:f(s)ds), (2.44)

n = /k(b,s)@(ﬂ(s)a(s))ds, (2.45)
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Gu) = /u 1/g(z)dz, u >0 (up>0), (2.46)
U(r) = /x %, x> x> 0. (2.47)

* +

Where G~ is the inverse function of G, and U is the inverse function of ¥~ , x*is

chosen so that G(1) + [ f(s)ds is in the domain of G, and
U(n) + /:k(b, s)P [5 (s) /: f(7) dT:| ds,
is in the domain of W' .Proof. Define the function
() = a(z) + / Crw ( / k(1 5) (u (s))ds) dt, (2.48)
then (2.48) can be restated as
ule) < 2(a)+ [ F @) gtu ()t

We have z(x) is a positive, continuous, nondecreasing in x € I and g € S,Then the

above inequality can be restated as

ua) oy /:f(t)g <u(t)> dt. (249)

by Lemma 28 we have

u(z) < z(x)B(z), (2.50)
where [(x) is defined by (2.44). By (2.48) and (2.50) we have
2(z) < a(z)+ /m () W(v(t))dt, (2.51)

where

v(x) = /x k(x,t) ®(u(t))dt. (2.52)
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By (2.52) and (2.50) , we observe that

ww) < [rone]so (a+ [ ) Woo)as ) |
< /:ka) $) (3 (5) als))ds
o[ ko / I
< 77+/a b, s) D[B (s / £ (7) drO(W (v(s)))ds. (2.53)

Where 1 is defined by (2.45). Since ® is subadditive and submultiplicative function,
W and v(z) are nondecreasing for all x € 1. Define r(x) as the right side of (2.53),
then r(ay, T2, ..., x,) =n and v(zx) < r(x), r(x) is positive and nondecreasing in each

of the variables x4, x2, x3,...x,, . Hence

S0 < Fen B [l

since

Dy..Dpar(z)\  Dr(z) _DnCI)(W(r(x)))Dl...Dn_lr(x)
. (it ) =

the above inequality implies

W(r(z)))’
and
Dl...Dn_ﬂ"(I’))
D, <k(bzx)Pl0(z
(Sareay) <+ 620
Where 6(x f f (s)ds. Integrating with respect to x, from a, to x,, we have

Dy...D,_yr(x)
)

< "kb vy L1, Sp) PO s T, Sp)|dSy,.
(I)<W(T(:B)) —/an (a$1>332a y & 1>5) [(371,352, , T 1,8)]5
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Repeating this argument, we find that

D
17“ ) / / / (b, 1, S, ..., $p) PlO(x1, S2, ..., Sp)|dspds,_1...dss.
an—1

$

Integrating both sides of the above inequality with respect to x1 from ay to x1, we have

(r(x)) — U(n) < / k(b )@ [0(s)) ds.

and

r(z) < T <\1/(n)+/;/<:(b,s)<b [5 (s) /:f(f) df} ds).

From this we obtain

v(x) < r(z) < U (qf(n) + / (b, 5)® [5 (5) / f ) dT] ds) . (2.54)

By (2.50), (2.51) and (2.54) we obtain the desired inequality in (2.43). m

2.3 Applications

In this section, our results are applied to the qualitative analysis of two applica-
tions. The first is the system of nonlinear differential equations for one variable
functions. The second is nonlinear hyperbolic partial integrodifferential equation of
n-independent variables.

First we consider the system of nonlinear differential equations

du

pri = Fi(t,u(t / Ki(t,u(s))ds), (2.55)

for all t € I = [ty,t] C R4, where u € C(I,R"), F} € C(I x R" x R",R") and

K, € C(I x R",R™).
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In what follows, we shall assume that the Cauchy problem

d t

G = A, [ K. sl (2:56)
to

u(to) = U()GR”,

has a unique solution, for every tq € I and ug € R™. We shall denote this solution by
u(., o, up). The Following theorem deals the estimate on the solution of the nonlinear

Cauchy problem (2.56).
Theorem 30 Assume that the functions Fy and Ky in (2.56) satisfy the conditions

K2 (8wl < h@)R((ul), tel, (2.57)

1w, o)l < flull + ol w0 € R, (2.58)

where h and ® are as defined in Theorem 20. Then we have the estimate, for ty <
t S t27

lut, to, uo) || < € (luol +/ h(s)Ev(s, [[uol)ds), (2.59)

to

where

Ei(t, |Juol)) = 1 (¥ (0) + / B0 / " h(o)do)dr), (2.60)

to to
b ds
U(t) = —_— t> 2.61
0= [ 30 tza>0 (2.61)
too
9 = / ol ® (710) ds, (2.62)
to

and ty is chosen so that W(J) + f;o d (677750 ftz h(a)da) dr € Dom(T~1).
Proof. Let ty € I, up € R™ and u(.,to,uo) be the solution of the Cauchy problem

(2.56). Then we have

t s
u(t, to, ug) :uo—l—/ Fl(s,u(s,to,uo),/ Ky (s,u(T,to, up))dr)ds. (2.63)
to

to
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Using (2.57) and (2.58) in (2.63), we have

[ult, to, uo)|| - < HuoH+/ f(s) [HU(&to,uo)lH/t HKl(S,U(T’to,uO))I|dT} ds,

to

< Mol + [ 16 (1ot )1+ ) | @t o, )

to to

Now, a suitable application of Theorem 20 with a(t) = ||uol|, f(t) = b(t) =1 and

W(u) =u to (2.64) yields (2.59). m
If, in addition, we assume that the function Fj satisfies the general condition

12 (E w, 0) | < f(#) (g (lull) += W (lol) (2.65)

where f ,g and W are as defined in Theorem 25, we obtain an estimation for
u(., to, up), and from any particular conditions of (2.65) and (2.57), we can get some
useful results similar to Theorem 30.

Secondly, we shall demonstrate the usefulness of the inequality established in
Theorem 29 by obtaining pointwise bounds on the solutions of a certain class of
nonlinear equation in n-independent variables. We consider the nonlinear hyperbolic

partial integrodifferential equation

—3902;2 (x)@x =F (x,u(az% / K (,5,u(s)) ds> + G (z,u(z)) (2.66)
forallz €I = [Q;O;moo] C R? , where z = (21, T, ..., ), 20 — (x?,:cg, __._717?1)7 o —

(x3°,25°, ..., x3°) arein R} and w € C(ILR), FF € C(IxRxR,R), K € C(IxI x R,R)

and G € C(I x R,R). With suitable boundary conditions, the solution of (2.66) is of

the form

0

u(z) :l(x)—i—/;F(s,u(s),/m:K(s,t,u(t))dt) ds—l—/:G(S,u(s))ds. (2.67)
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Theorem 31 Assume that the functions I, F, K and G in (2.66) satisfy the condi-

tions

K (s,t,u(t))| < k(s,t)®(Ju(t)]), t,s€l andu € R,
1
|F(t,u,v)| < 5 lul + Jv], w,v eR andt el
1
|G (s, u)]| §§|u|, se€l andu € R,

Il (x)] < a(x), rel,

(2.68)
(2.69)
(2.70)

(2.71)

where a, f,k and ® are as defined in Theorem 20, with f(x) = b(x) + e(z) for all

x €T where bye € C(I,R,), then we have the estimate, for 2° < z < z*

n

[u(z)] < exp (H(a:i - xg>> <a(a:) + / mE(t)dt) |

=1

(2.72)

Et)=v""1 (\Il(n) + /tk;(xoo, s)P lexp (H(Sl — x?)) /S f(r) d’i’] ds) , (2.73)

oo

n = /: k(x> s)® (a(s) exp (H(Si - x?))) ds,

=1

T ds
)\ = —_— > >0
(x) /3;0 5(s)’ x>x >0,

(2.74)

(2.75)

where x*is chosen so that W(n) + [ k(x> s)® [exp ([T1,(si — 29)) [ f (7) dr] ds,is

in the domain of U1,

Proof. Using the conditions (2.68), (2.71) in (2.67), we have

T
20

u@)l < o)+ [

a(x)+/xo <|u(s)| +/x0 k(s,t)®(|u(t)|)dt) ds.

IN

G(s,u(s))|ds +/ f(s) [|u(8)\ + /: |K (s,t,u(t))|dt| ds,

(2.76)
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Now, a suitable application of Theorem 29 with f(s) = 1,¢g(u) = u and W (u) = u to

(2.76) yields (2.72) m

Remarks. If we assume that the functions F' and G satisfy the general conditions

[E(tu,0)] < f(8) (g (Jul) + W(Jv])), (2.77)

|G (t,u)] < f(t)g(Ju]), fortelandueR, (2.78)

we can obtain an estimation of u(z).
From the particular conditions of (2.68), (2.77) and (2.78), we can obtain some

useful results similar to Theorem 29. To save space, we omit the details here.

Remark 32 Under some suitable conditions, the uniqueness and continuous depen-

dence of the solutions of (2.55) and (2.66) can also be discussed using our results

(see:[27]).



Chapter 3

Some New Integrodifferential

Ineqgaulities

The study of integrodifferential inequalities for functions of one or n independent vari-
ables is also very important tool in the study of stability, existence, bounds and other
qualitative properties of differential equations solutions’, integrodifferential equations
and in the theory of hyperbolic partial differential equations.we refer the reader to
literatures ([1],[31],[33]) and the references therein. Our aim in this chapter is to es-
tablish some integrodifferential inequalities in n independent variables, an application
of our results is also given.

35
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3.1 Linear Integrodifferential Ineqaulities in One

Variable

One of the most useful inequalities is given in the following lemma (see [1],[32])

Lemma 33 [1/Let ®(z,y) and c(z,y) be nonnegative continuous functions defined

for x >0,y > 0, for which the inequality

D(z,y) < a(zr) +bly) + /Ox /Oy c(s,t)® (s, t)dsdt, (3.1)

holds for x > 0,y > 0, where a(x),b(y) > 0; a/(x),b (y) > 0 are continuous functions

defined for x > 0,y > 0. Then

B(z.y) < 12O +[ab(<oy)>]4£az§fo));r MO o ( /0 ' /0 ’ c(s,t)dsdt), (3.2)

forx >0,y > 0.

Wendroft’s inequality has recently evoked a lively interest, as may be seen from the
papers of Pachpatte [25]. In [32] Pachpatte considered on some new integrodifferential
inequalities of the Wendroff type for functions of two independent variables.

In this section , we will give some linear integrodifferential ineqaulities in one
variable.

Let first give the following result :

Theorem 34 Let ®(z), c(x), D;®(z) and DP(x) be nonnegative continuous functions
foralli =1,2,...,n defined forx € S, ®(29, 29,23, ..., 1,) = 0 and ®(xq, ..., x;_1,20, X141, ..7,) =

0 foranyi=23,...n . If

xT

Da(2) < 3 au(wi) + / c0[() + D), (3.3)
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holds for x € S, where a;(x;) > 0; al(z;) > 0 are continuous functions defined for

x; >0 foralli=1,2,....n. Then

Dd(x) < Zal(afl) + /: c(t)[A(t) exp(/ [1 + c(7)]dr)]dt.

x 20
Forxz e S withx >t>71>x° >0, where A(x) is defined above .

Proof. We define the function

and
(2, 19, 23, ..., 1) = ay(2?) + zn:az(xl)
i=2
Then,
Do (z) < u(x)
Differentiating

Du(z) = c¢(z)[®(x) + DP(x)].

By integrating b to x from 2° to x , we have

d(x) < /x u(t)dt.

Zo

We obtain

T

0

Du(z) < ¢(x) (u(:v) —l—/m u(t)dt) :
If we put

T

v(z) = u(zx) +/ u(t)dt,

0

0 0
V(X1 ooy Tty T T 1y o) = U(T, ey Ty 1, T Ty 1y o)

(3.5)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)



38

we have

Duv(x) = Du(x) + u(x).

Using the facts that Du(z) < c(x)v(z) and u(z) < v(zx), we have

Du(z) < [1+ c(z)]v(z). (3.13)
Dng...Dn_lu(:tl, ey L1, ZL‘?L) = 0. (314)

then
Dy Dou(wy, 39,33, 74, ..., ) = 0. (3.15)

Continuing this process, we obtain
T3 T
DlDQU({L‘) S / / C({L‘l,IQ,t37...,tn)A<l'1,ZL‘2,t37...,tn) (316)
z) z9
t

exp ( / L+ C(T)]dT> dt,...dt;.

we have

D1U($175L’g;$3a$4,---al’n) = a,1<x1)' (317)

Integrating to x5 from x5 to x9 ), we have
T2 T3 Tn
Dyu(z) < a;(x1>+/ / / (@1t o ) A(T1, toy o ) (3.18)
2y Jaf 0

exp ( / 2[1 + c(T)]m) dt,...dts.

Integrating with respect to xy from x% to x1, and we have

t

u(z) < zZ;:al(a:z) + /x: c(t)A(t) exp </x

1+ C(T)]dT) dt. (3.19)

0

By the above inequalities above, we obtain the desired bound m
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Remark 35 We note that in the special case n =2 , x € R2 and 2° = (29, 29) =

(0,0) in Theorem above. then our result reduces to Theorem 1 obtained in [32].

Theorem 36 Let ®(x),c(x), D;®(x) and DP(x) be nonnegative continuous functions
foralli =1,2,...,n defined forx € S, ®(29, w9, 23, ..., 7)) = 0 and D(xy, ..., w1, 2%, w401, .. 0n) =
0 for anyi=2,3,...,n. If
DO(x) <> ai(a;) + M {@(a;) + / c(t)[®(t) + D(I)(t)]dt] : (3.20)
i=1 20
holds for x € S, where a;(x;) > 0; aj(z;) > 0 are continuous functions defined for

x; >0 foralli=1,2,....n. and M > 0 is constant. Then

T

D®(z) < A(z) exp </I [M + c(t) + Mc(t)}dt) :

0
forx e S, withx >t > x° >0,

Proof. We define the function

u(z) = le aix;) + M l@(:c) + / c(B)[®(t) + Dcp(t)]dt] , (3.21)
with
w(2?, xa, w5, .., ) = a1 (20) + Zn: a;(z;). (3.22)
we have h
Du(z) = M [D®(z) + ¢(x)[®(x) + DB(x)]] . (3.23)

Using the fact that D®(x) < u(x) and M®(x) < u(x), we have
Du(z) < [M + c(z) + Me(x)]u(z), (3.24)

we have

T

u(z) < A(z) exp ( / M () + Mc(t)]dt) , (3.25)
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we obtain the desired bound above) ®

Remark 37 We note that in the special casen = 2 & € R2 and 2° = (29, 29) = (0,0)

in Theorem above . then our result reduces to Theorem 2 obtained in [32] .

3.2 linear Generalisations in Several Variables

In this section , All the functions which appear in the inequalities are assumed to
be real valued of n-variables which are nonnegative and continuous. All integrals are
assumed to exist on their domains of definitions.

Throughout this paper, we shall assume that S in any bounded open set in the
dimensional Euclidean space R" and that our integrals are on R"(n > 1).

For x = (w1, 2, ...7,), t = (t1,t2, ..t,), 2° = (29,29, ...,20) € S, we shall denote

eey n

x 1 T2 Tn
L= [ ] e[ it
z0 0 Jaf z9,

Furthermore, for z,t € R", we shall write t < x whenevert; < x;, i1 =1,2,....,nand z >
xo >0, for z,2° € S.

We note D = Dy Ds...D,,, where D; = %, for i =1,2,...,n.

We use the usual convention of writing » ., u(s) = 0 if ¥ is the empty set.

Our main results are given in the following theorems.

Theorem 38 Let ®(z) and c(x) be nonnegative continuous functions defined on S,

for which the inequality

x

B(2) < 3 aile) + / o(£)D(1)dt, (3.26)

0
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holds for all x € S with x > x° > 0, where a;(z;) > 0, aj(x;) are continuous functions

defined for x; > 0 for alli =1,2,...,n. Then
B(z) < Alw)expl | (o),

20

for x € S with x > x° > 0, where

ar (1) + ag(29) + 20 g as(xs)] [ar (27) + ag(w2) + D005 as(z)]

_[
Alz) = a1 (29) + ax(29) + 305 as(z)]

Proof. We define the function u(x) by the right member of (3.26), Then

and
w(a?, e, .o xy) = a1 (a) + as(22) + Zas(xs),
s=3

0

u(x17$27m3,”-7xn) - a’l(xl) + a2($2) + as(xs)'

Using ®(z) < u(z) in (3.29), we have

From (8.82), we observe that

u(z)Du(z) olx
UQ({L') ( )7
that s
u(z)Du(z) () (Dpu(x))(Ds...Dp1u(z))
u?(x) u?(x) ’
hence

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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Integrating (3.33) with respect to x,, from 2 to x,, we have

(Dy...Dp—qu(x))

Tn
S / C(I17"'7‘rn—17tn)dtn7
x

u(z) 0
thus
u@)Dr.--Du-yulz) < / ’ (L1 ey Ty, tn)dly + (anlu(x))<D1'“Dn72u(x)),
u?() 9 u?(z)
that is

Dy...D,_ o
Dn1< ! 2“@)) g/ (21, ooy Tnt, tn)dt. (3.34)

u(z) 0

Integrating (3.34) with respect to x,_1 from 332_1 to x,_1, we have

D;...D,_su(x
L 2 / / xla' Lp— 27 n— 17 )dt dtn 1

Continuing this process, we obtain

DD
e 2u / / $1,$2,t3 )dtndtn_l....dtg,

from this we obtain

D
D2 < lu > / / $1,$2,t3 )dtndtnfldt:3 (335)

Integrating (3.35) with respect to x5 from x3 to x5 and by (3.81) we have

Dyu(z) a’l(w )
u(x) = ax(rg) + ar(z +Zs 3 s(s)

/ / xl,tg,tg )dtndtnfldtQ

Integrating (3.36) with respect to x1 from 2V to xy and by (3.50), we have

(3.36)

u(x) / “ ay (1) / )
lo < = dty + c(t)dt,
& WY, Ty oo Tn) T S0 a2(29) + ai(ty) + D005 as(xs) P e ()




43

that is

xT

u(z) < A(x) exp( / o(t)dt). (3.37)

70

By (3.37) and ®(x) < u(z), we obtain the desired bound in (3.27). m

Remark 39 We note that in the special casen = 2, x € R3 and 2° = (29, z3) = (0,0)

in Theorem 38. our estimate reduces to Lemma 33 (see: [32]).

Theorem 40 Let ®(z), c(x), D;®(z) and DP®(x) be nonnegative continuous functions
foralli =1,2,...,n defined forx € S, ®(29, x9, 73, ..., 7,) = 0 and ®(xq, ..., w1, 20, Tiy1, .. Ty) =

0 foranyi=2,3,...n . If

D®d(z) < zn: a;(z;) + /: c(t)[®(t) + DP(t)]dt, (3.38)

holds for x € S, where a;(x;) > 0; a(z;) > 0 are continuous functions defined for

x; >0 foralli=1,2,....n. Then

n T

Dd(z) <Y ai(x;) +/

i=1 x

t

c(t)[A(t) exp(/ [1+ c(7)]dr)]dt. (3.39)

0 20

Forx e S withx>1t>71>x° >0, where A(z) is defined in (3.28).

Proof. We define the function

u(z) = Z a;(z;) + /m c(t)[®(t) + DP(t)]dt, (3.40)
and

U(I?, T2, XT3,y ITL) = a’l(x?) + Z az<~rz) (341)

Then, (3.38) can be restated as

Do(x) < u(z). (3.42)
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Differentiating (3.40)

Du(z) = c¢(z)[®(x) + DP(x)]. (3.43)

Integrating both sides of (3.43) to x from x° to x , we have

B(z) < / " u(t)dt. (3.44)

Zo

Now, using (3.44) and (3.42) in (3.43) we obtain

Du(z) < c(x) <u(x) + /0 u(t)dt) : (3.45)

If we put
v(x) =u(z) + /1‘ u(t)dt, (3.46)
V(X1 oy T 1, 80, iy 1, o) = (T ooy Ti1, T, Tig 1, ), (3.47)

then by (3.46), we have

Du(z) = Du(x) + u(z).

Using the facts that Du(z) < c(x)v(z) and u(z) < v(zx), we have
Du(z) < [1+ c(z)]v(z). (3.48)

Which by following an argument to that in the proof of Theorem 38 yields the estimate

for v(z) such that

xT

v(z) < A(x) exp (/x 1+ c(t)]dt> . (3.49)

By (3.49) and (3.45), we have

T

Du(x) < c(x)A(x) exp ( / 1+ c(t)]dt) | (3.50)

0
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and

Dng...Dn_lu(a:l, ey Tp—1, JIO> =0. (351)

n

Integrating both sides of (3.50) to x,, from 0 to x, and by (5.51), we have

t

Tn

0

Dng...Dn_lu(m) S /

z

(21, ooty 1, tn) A2y, ..ty 1, t,) €XP (/ 1+ c(7’)]d7> dt,,.

By (3.40), we have

DlDQU(Il,(E2,$g,$4,...,J,’n> =0. (352)

Continuing this process, and by (8.52), we obtain

z3 Tn
DlDQU(ZL‘) S / / C(ZL‘l,ZEQ,t37...,tn)A<$1,ZL‘27t37...,tn) (353)
z) z9
t

exp ( / Lt c(7)]d¢> dt,...dt;.

By (3.40), we have

Dlu(xhxgaxf%xlb'”axn) = all(x1>' (354)

Integrating both sides of (3.53) to xo from x3 to xo and by (3.54), we have
To T3 Tn
Diu(z) < a'l(xl)+/ / / c(xy,toy .o tn)Alxy, b, .. t,)  (3.55)
2y Jag 2

exp ( / Zu + c(r)]d7> dt...dt.

Integrating (5.55) with respect to xy from 29 to x1, and by (3.41), we have

ulo) < Z@;) = [Cdvam e ( /

By (8.56) and (3.42), we obtain the desired bound in (3.39) m

t

1+ C(T)]dT) dt. (3.56)

0

Remark 41 We note that in the special case n =2 , x € R2 and 2° = (29, 29) =

(0,0) in Theorem 40. then our result reduces to Theorem 1 obtained in [32].
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Theorem 42 Let ®(z),c(x), D;®(x) and D®(x) be nonnegative continuous functions
foralli =1,2,...,n defined forx € S, ®(20, w9, 23, ..., 2,) = 0 and ®(x1, ..., w1, 2%, 2501, .. xy) =
0 foranyi=2,3,...n. If
DO(z) <> ai(a;) + M l@(a:) + / c(t)[®(t) + Dd)(t)]dt] , (3.57)
i=1 @0
holds for x € S, where a;(x;) > 0; al(z;) > 0 are continuous functions defined for

x; >0 foralli=1,2,....n. and M > 0 is constant. Then

T

D®(z) < A(z) exp </ (M + c(t) + Mc(t)}dt) : (3.58)

0

forx € S, with x >t > z° > 0, where A(x) is defined in (3.28). Proof. We define

the function

u(z) = Z a;(z;) + M {@(1’) + /: c(t)[P(t) + D@(t)]dt] , (3.59)
with
w2, w9, 23, ..., 2,) = ay(29) + Z a;(z;). (3.60)

Differentiating (3.59), we have
Du(z) = M [D®(x) + c(x)[®(z) + D (x)]] . (3.61)
Using the fact that D®(x) < u(x) and M®(x) < u(), we have
Du(x) < [M + c(z) + Mec(x)Ju(z), (3.62)

by (3.62), we have

T

u(z) < A(x) exp (/xo [M + c(t) + Mc(t)]dt) : (3.63)
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where A(x) is defined in (3.28).
By (3.63) and using the fact that D®(z) < u(zx) from (3.57), we obtain the desired

bound in (3.58) m

Remark 43 We note that in the special casen = 2 ,x € R? and 2° = (29, 23) = (0,0)

in Theorem 42. then our result reduces to Theorem 2 obtained in [32] .

Theorem 44 Let ®(z),p(x), and q(z) be nonnegative continuous functions defined

forx e S. If

3(r) < Z<> v [ omewa oo ([ t 0(5)9(5)ds ),

T 20 0

holds for x > 2° > 0, where a;(z;) > 0; ai(x;) > 0 are continuous functions defined
forx; >0 foralli=1,2,....,n. Then
B) <> aie) + [ pOQE

i=1 0

for all z > 2° > 0, where

Q) = Alx) exp ( [+ q(t))dt) ,

0

with A(x) defined in (3.28).
Proof. The proof of this Theorem follows by an argument similar to that in Theorem

38, We omit the details. m

Remark 45 We note that in the special casen = 2 ,x € R and 2° = (29, 23) = (0,0)

in Theorem 44, our result reduces to Theorem 2 obtained in [32].
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3.3 Nonlinear Integrodifferential in n-independents

Variables

In this section we will give some new nonlinear integrodifferential inequalities for the
functions of n-independent variables.

We can also give the following lemma.

Lemma 46 [10/Let u(x),a(x) and b(x) be nonnegative continuous functions, defined
forx € S.
Assume that a(x) is positive, continuous function and nondecreasing in each of the

variables v € S . If

T

u(z) < a(x) —I—/ b(t)u(t)dt, (3.64)

.’EO
holds for all x € S, with x > 2° > 0. Then

T

u(z) < a(x) exp(/ b(t)dt). (3.65)

20

Theorem 47 Let ®(x),a(z),b(x), c(x), f(z), D;®(x), and DP(z) be nonnegative con-
tinuous functions for all i = 1,2,...,n defined for x € S, ®(2V, x5, 23,...,1,) =
0 and ®(zy,....x; 1,20, 2i11,...w,) = 0 for any i = 2,3,....,n. Let K(®(x)) be real-
valued, positive, continuous, strictly non-decreasing, subadditive and submultiplicative
function for ®(z) > 0 and let H(®(x)) be real-valued, continuous positive and non-

decreasing function defined for x € S . Assume that a(z), f(z) are positive and
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nondecreasing in each of the variables x € S . If

xT

DO() < a(z) + f(2)H ( / c(t)K(@(t))dt) + / b(1) DD(1)dt, (3.66)

0

holds ,for x € S with x > 2° > 0. Then

Do) < {ae) + st (67 |6+ [ ko) )}

X exp ( / b(t)dt) , (3.67)

for x € S,where

p(z) = /: exp(/0 b(s)ds)dt, (3.68)
£ = /oo c(t) K (a(t)p(t))dt, (3.69)
G(z) = % z>2">0. (3.70)

Where G~ is the inverse function of G, and

ae) + / ") K (p(t) £ (1)),

is in the domain of G~ for z € S.

Proof. We define the function

xT

+(2) = a(z) + f(2)H ( / c(t)K@(t))dt) | (3.71)

0

then (3.28) can be restated

D®(z) < 2(z) + / bt DD (1)t (3.72)

20
Clearly z(x) is positive, continuous function and nondecreasing in each of the variables

x € S, using (3.64) of lemma 46 to (3.72), we have

T

D®(z) < z(z) exp ( / b(t)dt) . (3.73)

0
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Integrating to x from 2° to x, we have
®(z) < z(z)p(x), (3.74)

where

pla) = / exp < / t b(s)ds) dt. (3.75)

2(@) = a(z) + f(@)H (v(x))., (3.76)

By (3.71), we have

where
v(r) = /: c(t)K(P(t))dt. (3.77)

By (3.74) and (3.77), we have

O(x) < {a(x) + f(2)H (v(z))} p(z). (3.78)

From (3.78), (3.77) and since K is subadditive and submultiplicative function, we

notice that

v(r) < /: c(t)K [{a(t) + f(t)H (v(t))} p(t)] dt,
< / () K (a(t)p(t))dt
o [ e opo o) (3.79)

IN
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We define VU (x) as the right side of (3.78), then

o0

\If(:c(l),xg,xg,...,xn):/ c(t)K (a(t)p(t))dt, (3.80)

20



and

v(z) < ¥(z).

U(z) is positive nondecreasing in each of the variables xs, ..., x, € Rfl, then

T2 T3 Tn
quf(x) = /0 /0 /0 C(.f[,'l’tg, 7tn)
Ty T3 Ty

o1

(3.81)

XK ([L’l tg, ,t )f(l’l tg, tn))K(H(’U(I’l’tQ, ,tn)))dtndtz,

< // / d(zrts, o)
WK (p(1 o, oo t) F (1t oo £)) K (H(U (1t o ) dl
< / / / e ta, o)

x K (p($17t2, ceey tn)f(ﬂfl’tg, ceny tn)) dtndtg

Dividing both sides of (3.82) by K (H(¥(x))), we get

e [

K (p(fl?lfg, ceey tn)f<l'1,t2, ceey tn)) dtndtg

We note that, for
= ds

G(Z): zom, 222’0>0.
Thus it follows that
DiG(¥(x)) = W

From (3.83), (3.84) and (3.85), we have

DiG // / (b2, )

x K (p(th% ceny tn)f(l'l,tg, cens tn)) dtndtg

.- d(3.82)

(3.83)

(3.84)

(3.85)

(3.86)
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Now setting x1 = s in (3.86) and then integrating with respect from x9 to xy, we

obtain

x

G(U(x)) < G(U(2Y, 2o, o)) + / () K (p(t) £ (1)), (3.87)

0

by (3.87), we have

U(r) < G {G ( / h c(t)K(a(t)p(t))dt> + / COKpO O] . (3.88)

Zo Zo

The required inequality in (3.67) follows from the fact (3.73), (3.76), (3.81) and (3.88)

Many interesting corollaries can be obtained from Theorem 47.

Corollary 48 Let ®(x),a(x),b(zx),c(x), D;®(x), D®(z) and K(®(x)) be as defined

in Theorem 47. If

D®(x) < a(z) +/

20

holds, for x € R with x > 2° > 0. Then

Do(z) < {a(x)—i—Tl {T(f)—l—/mc(t)f((p(t))dt]}

X exp ( / b(t)dt) |

for v € R} with x > 20 > 0, where

pa) = [ el [ bs)siar
e = / T (WK (alyp())dt,
T(z) = T ds z>2°>0,




93

where T~ is the inverse function of T and

() + / ") K (p(t))dt,

zo

is in the domain of T~ for x € R.

Corollary 49 Let ®(x),b(x), c(x), D;®(z)and DP(x) be as defined in Theorem 47.

If

T T

c(t)D(t)dt + / b(t)DD(t)dt,

20

DM@§M+/

20

holds, for x € R with x > 2° > 0, where M > 0 is a constant, then

P(x) <M {1 + exp [log(/oo c(t)p(t)dt) + /gg c(t)p(t)dt] }p(m),

o o

for v € R} with x > 20 > 0,where

p(z) = jﬁzexp(jitb(s)ds)dt

0 0

Similarly, we can obtain many other kinds of estimates.

Remark 50 Our results can be generalized to integrodifferential inequalities with a

time delay for functions of one or n independent variables, this is under study.

3.4 An Application

In this section we present an immediate simple example of application (Theorem 47)

to study the boundless of the solution of partial integrodifferential equation.
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Consider the nonlinear partial integrodifferential equation

Du(w) = f(x) + [y h(z,t,u(t), Du(t))dt
, (3.89)
U(eory 4,0, 2449,...) =0 foralli = 1,2, ....,n
for x € R} .Were h: R} x Rx R — R, f(z) : R — R are continuous functions.
Assume that these functions are defined and continuous on their respective domains

of definition such that

|f(2)] < M, (3.90)

and

[, £, u(t), Du(t)] < c(t) [u(t)| + b(t) [Du(t)], (3.91)
for x € R}, where M > 0 is a constant and c(z),b(x) are nonnegative, continuous
functions defined for € R%. If ®(z) is any solution of the boundary value problem
(3.89), then

Do(z) = f(x) + /Ox hx,t, ®(t), D®(t))dt, (3.92)
for x € R}, by (3.90) and (3.91) we have

IDB(2)] = M + /0 " () [8(2)] + b(t) [DD(x)| dt. (3.93)

Now by a suitable application of Corollary 49 of Theorem 47, we obtain the bound

on the solution ®(z) of (3.89).

®(z)| < Mp(z) {1 +exp {log( /0 (b)) + /0 ' c(t)p(t)dt] } (394

for x € R, where



Chapter 4

Some New Integral Ineqaulities

With Delay

The purpose of this chapter is to establish some nonlinear retarded integral inequal-
ities in the case of functions of n independent variables which can be used as handy
tools in the theory of partial differential and integral equations with time delays.
These new inequalities represent a generalization of the results obtained by Ma and
Pecaric [23], Pachpatte [29] and by Cheung [5] in the case of the functions with one

and two variables.

4.1 Introduction

Now, let us first list the main results of [23, 29, 5], for the functions with two variables

for u(z,y) € (A € R%,R,), as the following:

95
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A TInequality of Ma and Pecaric [23, Theorem 2.1] :

O‘l? Blz(y)
uP(z,y) = / | / (s,t)ul(s,t)dtds (4.1)
alz Zo

1i yO)
az;j(z) BZg(y
/ / (5. )ul(s, ) (u(s, £) )dtds.
042] $0 BQj(yO

B Pachpatte’s inequality [29, Theorem 4] :

uP(z,y) = k‘—i—/x:/yja(s,t)gl(u(s,t))dtds

a(z) rB(y)
+ / / b(s,t)g2(u(s,t))dtds. (4.2)
a(zo) v B(yo)

C Cheung’s inequality [5, Theorem 2.4] :

uP(x,y) = k—l——/( /6( a(s,t)ul(s,t)dtds
x0) Y0)

+L(xo) /V(yo) b(s, t)u'(s, t)(u(s,t))dtds. (4.3)

However, sometimes we need to study such inequalities with a function ¢(z) in
place of the constant term k and for functions of several variables .
Our main result is given in the flowing inequality in the case of functions with n

independent variables :

i a;(z)

P < )+ 3 dle) [ oo )Rl ()

n2 Br(x)
+5 h(@) /@ b, ) (u(t) ) ws (u(t) )t (4.4)

k=1 By ()
in a general form, where ¢(x) is a function and all the functions which appear in this

inequality are assumed to be real valued of n—variables.
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Furthermore, we show that the results (4.1)- (4.3) can be deduced from our in-
equality (4.4) in some special cases. As applications we give the estimate solution of
retarded partial differential equation.

We note that the inequality (4.4) is also a generalization of the main results in
[21, 35].

In this chapter, we suppose R} = [0, 00) a subset of R". All the functions which
appear in the inequalities are assumed to be real valued of n-variables which are
nonnegative and continuous. All integrals are assumed to exist on their domains of
definitions.

For & = (x1,T2,...7,), t = (t1,12, ...t,), 2° = (29,29, ...,20) € R, we shall denote

&) aji(z1) ajz(z2) Ajn (Tn)
/ dt = / / / dtndtl, ] = 1,2,...,7117
&;(x0) aj1(29) aj2(x9) ajn(z9)

Ek(x) B (1) Bra(z2) Bren (Tn)
/ dt = / odty.dty, k=1,2,...,n
B B

- 25
ke (20) B (z Bra(z kn (23)

with ny,ne € {1,2,..., } :.
Furthermore, for z,t € R, we shall writet < x whenevert; < z;, 1 =1,2,...,nand v >
zo > 0, for x,2° € R
We note D = Dy Ds...D,,, where D; = %, for i =1,2,...,n,
We use the usual convention of writing » ., u(s) = 0 if ¥ is the empty set.
a;j(t) = (an(t), aja(ta), ..., ajn(ty)) € RY for j=1,2,..,n
B(t) = (s (t1), aka(ta), .., A (tn)) € R? for k= 1,2,...,ny
we note a;(t) <t for j = 1,2,...,ny whenever o;(t;) < t; for any i = 1,2, ...

and j =1,2,....,m
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and Bk(t) <t for k = 1,2,...,ny whenever (3,,(t;) < t; for any ¢ = 1,2,...,n and

k= 1,2, )

4.2 Generalization of the Integral Ineqaulities With

Delay

Now, let us list the our main results as the following :

Theorem 51 Let ¢ € C(R},Ry),wi,w, € C(R,R,) be nondecreasing functions
with w (u), wa(u) > 0 on (0,00) and let a;(x,t) and by(x,t) € C(R} x RT,Ry) be
nondecreasing functions in x for every t fived for any 7 =1,2,...n1, k=1,2,...,ns.
Let i, By; € CHR4, R, be nondecreasing functions with aj;(t;) < t; and B,;(t;) < t;
onRy fori=1,2,..n; j=1,2,...n1, k=1,2,...n5 and p > q > 0.

(ar) If ue C(RY,Ry) and

RN C))
W) < e(z)+ ) / a;(x, t)ul (t)dt
j=1 a;(z0)
n2 (@)
+3 [ bl tyu(tyw (ult))dt, (4.5)
k=1 B (z0)
for any x € R with 2° < t < =z, then there exists z* € R", such that for all
20 <t < a*, we have

1

. p—q n2 B (@) pa
uw) < (0 [y + S [ o] ) @)
p —1 ¥ Br(z)
Where
— o, o)
p(x) = P=9/P(3) 4 I% Z/ a;(z,t)dt, (4.7)
j=1 a;(z0)
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and

1
d
7, (5) = / S B - (4.8)
1

0 U)1<SH)

Here, U1 is the inverse function of ¥, and the real numbers x* are chosen so that
Uy (p(x) + L Y2 fﬁk (. t)dt € dom(¥7 ).

(az) If ue C(R},R,) and

™M o pag(e)
uP(z) < c(m)—l—Z/ aj(x, t)ul(t)w (u(t))dt

j=1 aj@O)

B (x)
3 [ o us(ue)ar 19)

1Y Bi(x0)

i) For the case wy(u) < wi(u), for any x € R" with 2° < t < z, then there exists
Yy +
& € R, such that for all 2° <t < &, we have

1

u(zr) < (\111—1 (\I/l(c(p_q)/p(x)) + e(m)))”*‘f .

(i) For the case wi(u) < wy(u), for any x € R with 2° < t < z, then there exists
&y € R, such that for all 2° <t < &,, we have

1

u(zr) < (\1/2—1 (\1,2(0(19—«1)/17@)) + 6@)))%,} .

Where
_ m B (@) n2 B (x)
e(z) = 24 [Z /~ aj(z, t)dt + ) /~ bk(x,t)dt], (4.10)
P53 /B =1 Bi(a0)
5 ds .
U,(0) = / —_—, d>00>0, for i=1,2. (4.11)
do wi(sﬂ)
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Here, U L is the inverse function of U; and the real numbers &; are chosen so that

Wy (cP=D/P(2)) + e(z) € dom(¥; ) fori = 1,2 respectively.

The proof of the theorem will be given in the next section.

Corollary 52 Let the functions u,c,wy,aj, by ( j = 1,2,...,n1; k= ,2,...,n1) and

the constants p,q be defined as in Theorem 51 and

uP(x,y) < c(x,y +Z/ / (z,y, s, t)ul(s,t)dsdt
(z0) yo)
/ / (2,1, 5, )l () (u(t))dt, (4.12)
Br(z0) v By (yo)

for any (z,y) € R% with xg < s < x and yo < t <y, then there exists (z*,y*) € R,

such that for all xo < s < x* and yo < s < y*, then

uep) < (7 (W) + 2 qum,y)Dpiq. (4.13)

Where
pr,y) = 0@ y)+ EL A (2, y), (4.14)
2} aj(z)  po;(y)
Ai(z,y) = Z/ / aj(z,y, s, t)dsdt, (4.15)
j aj(wo) 7 a;(yo)
B (z) 5k(y)
Bi(z,y) = / / (x,y,s,t)dsdt, (4.16)
ﬁk} 330 Bk yo)
and
o ds
V() = / —, 0>00>0. (4.17)
do wl(sﬁ)

Here, U1 is the inverse function of ¥, and the real numbers (xz*,y*) are chosen so

that U (pi(x,y)) + 24 Bi(z,y) € dom(¥™1).
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Remark 53 Setting a;(x,y,s,t) = aj(s,t), bi(z,y,s,t) = bg(s,t) and c(x,y) = k

>0 in Corollary 52, we obtain Ma and Pecaric’s Theorem 2.1 [23].

Remark 54 Define aj(x,y,s,t) = p%qaj(s,t), be(z,y,s,t) = p%qbk(s,t) clx,y) =
k > 0 (Constant) and j = k = 1 in Corollary 52, we obtain Cheung’s Theorem 2.4

[5]-

Remark 55 Obviously, (4.1)-(4.3) are special cases of Theorem 51. So our result

includes the main results in [23, 29, 5].
Using Theorem 51, we can get some more generalized results as follows.

Theorem 56 Let the functionsu, c,w;,aj, by (1 =1,2, j=1,2,...,n1, k=,2,...,n7)
be defined as in Theorem 51. Moreover, let ¢ € C(R,,Ry) be a strictly increasing
function such that lim, ., ¢(x) = 0o, and let ® € C(Ry,R,) be nondecreasing func-
tion with ®(x) > 0 for all x € R,
(b1) If ue C(RY},Ry) and

n o ed (o)

o) < e+ [ oo
=17

"2 B (@) 5 o ; "
#3[ m we (@15)

for any x € R with 2° < t < =, then there exists * € R, such that for all

20 <t < x*, we have

u(x) < 7 (G [ (W3 (n(2)) + B(x))) (4.19)
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where
w(2) = Gle(@))+ Alz), (4.20)
n o d ()
Alz) = ; /a o a;j(x, t)dt, (4.21)
Blz) — ki; /B f:::))bk(x,t)dt, (4.22)
and
Gz) = /ﬁ > 10> 0, (4.23)
U,(5) = /5:wi(<p1(dél(s)))’ §>8,>0, i=12 (4.24)

The real number x* is chosen so that ¥ (w(z)) + B(z) € dom(¥7!) .

(b:) If u € C(R},R;) and
"1 pag(@)
plu(r)) < clx)+ Z[ a; (2, )@ (u(t))wi (u(t))dt

j=1 7% (0)

n2 By (x)
+ ; /fék(xo) bk(m, t)q)(u(t))w2(u<t>>dt

(i) For the case wa(u) < wi(u), for any x € R with 2° < ¢ < x, then there exists

& € R, such that for all 2° <t < &, we have
u(@) < (G [P (W1(Gle(@)) + Alz) + B(z))]) -

(i) For the case wi(u) < ws(u), for any x € R with 2° < t < z, then there exists

&y € R, such that for all 2° <t < &,, we have

u(z) < 7 (G [W3" (Ba(Glelx)) + Alx) + B(x))))



63
Where A, B,G and V;(i = 1,2) are defined in (4.21)-(4.24), ¥;' is the inverse func-
tion of ¥; and the real numbers &; are chosen so that V;(G(c(x))) + A(x) + B(x) €

dom(¥; ') fori = 1,2 respectively.

Many interesting corollaries can also obtained for the above theorms (in the case

of one variable or in the case of n independent variables). For example :

Corollary 57 (Inequality in one variable)

Let p > q >0, ¢ >0 be some constants and wy,ws be defined as in Theorem 51.
Moreover, let aj(x,t) and by(x,t) € C(Ry xRy, Ry) be nondecreasing functions in x
for every t fived and «;, 8, € C*(R4,R;) be nondecreasing functions with o;(t) <t
and B(t) <t; on Ry for j=1,2,...n1, k=1,2,...,n9 forany j=1,2,...,ny, k=
1,2,...,n9

(c1) Let uw € C(R:,R,) and

n1 aj ()
u(@) < cpq—l——Z/ j(, tyu(t) dt

0

D n2 B () ‘
+qu2;/ br(x, t)u(t)Twy (u(t))dt

p 0

for any x € Ry with 0 < t < x , then there exists (z*) € Ry, such that for all

0<t<z*, we have

u(zr) < ([\111_1 (U (m(z)) + B(:zc))DH . (4.25)

Where

m(r) = c+ A(x),
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and

" rag(z)

Ax) = ) / a;(z, t)dt, (4.26)
j=1"0
n2 B ()

Ba) = 3 / be(, )dt, (4.27)
k=10

J ds .

,(0) = — e §>060>0,i=1,2 (4.28)

do w; (Sﬁ>

Where the real number x* is chosen so that ¥, (7 (x)) + B(x) € dom(¥?) .

(c2) If ue C(R,R,) and

p = _pP Ny R . q
w(z)? < cri 4 o ; /0 a;(z, )u(t)fwy (u(t))dt
P n2 B () .
e ; /0 b (. ) () Two (u(t))dt. (4.29)

(i) For the case wo(u) < wq(u), for any x,t € Ry with 0 <t < x, then

1

u(z) <wu(z) < ([\Pfl (Uy1(c) + A(x) + B(JL'))Dﬁ )

(ii) For the case wi(u) < we(u), for any x,t € Ry with 0 <t < x, then we have :

1

u(z) < u(z) < ([¥5" (Pa(e) + A(z) + B(z))] )77 .

Where U;, Aand B (i = 1,2)are defined in (4.26)-(4.28).

Remark 58 (i) Corollary 57 (¢;) reduces to the Sun’s inequality [35, Theorem 2.1]
in the case of one variable (n = 1) when a;(z,t) = a;(t), bp(x,t) = by(t), B(z) =
a;(z) and j =k =1.

(i) Corollary 57 (¢cy) reduces to the Sun’s inequality [35, Theorem 2.2] in the case of
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one variable (n = 1) when a;(x,t) = a;(t), bp(z,t) = bi(t), Bp(x) =z and j =k =1

and w1 = Wa.

Remark 59 Under a suitable conditions in (by), the inquality (4.18) gives a new

estimate for the inquality (4.5) in(ay).

Corollary 60 (Inequality in two variables)

Let a,b € C(A C R2,R;) « € CYJ1, 1), B € C'(Js, J5) be nondecreasing func-
tions with A = J; x Jy and J, = [xg,a] € Ry, J1 = [yo,b] € Rywhere a(z) < x on
Ji, Bly) <y on Jy. Let k > 0.

If u(z,y) € C(A CR2,Ry) and

© oy
u(z,y) < k—i—/ / a(s, t)u(s,t)dsdt
Zo Y Yo

o(z) rBy)
+ / b(s, t)u(s,t)dsdt, (4.30)
a(xo) 7 B(yo)

for (z,y) € A, then

u(r,y) < kexp[A(z,y) + B(z,y)],

for (z,y) € A, where

z oy

Alz,y) = //a(s,t)dsdt, (4.31)
o < Yo
a(z)  rBY)

B(z,y) = / / b(s,t)dsdt; (4.32)
a(zo) v B(yo)

for (z,y) € A.
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Theorem 61 Let the functions u,c,,p, @, w;,a;,b, (i = 1,2, j=1,2,..,n, k =

,2,...,n1) be defined as in Theorem 56

then

where

Corollary 62 If

a(zx)
uP(z) < c(z) + /0 a(t)u?(t) + b(t)uP(t)dt

for any x € RY with 2° < t < =, then there exists * € R, such that for all

20 <t < a*, we have

P .5 (x) exp

p—q

_r / " a(t) + b(t)dt]

Remark 63 (i) Theorem 61 reduces to Theorem 2.2 of Lipovan [21] in the case of
one variable, when p(z) = x, by(z,t) = 0,wi(t) =1, j=1 andn = 1.

(i) Theorem 61 is also a generalization of the main result in Lipovan [21, Theorem
2.1] in the case of one variable variable, when @(x) = x, bp(z,t) = 0,wi(t) =

1,®(t) =1, for anyxz,t € Ry(n=1) and forj=1.
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Remark 64 (i)Under a suitable conditions, Theorem 61 reduces to Theorem 2.3 and

Theorem 2-4 in the case of tow variables of the main results in Zhang and Meng [40] .

(ii) Under a suitable conditions in Theorem 61, we can also obtain an other esti-

mations of the Ma and Pecaric’s inequality (4.1) and the main results in [23].

Remark 65 Theorem 61 further reduces to the man results in [5, Therem 2.1, 2.2,

2.4] and the results in [28].

4.3 Proof of Theorems

Since the proofs resemble each other, we give the details for (a;) and Theorem 61
only; the proofs of the remaining inequalities can be completed by following the proofs

of the above-mentioned inequalities.

Proof. Theorem 51 (a;) Fixing any arbitrary numbers y = (y1, ..., y») € R’ with

2% <y < z*, we define on [2°;y] a function z(z) by

™M o rag(x)
(@) = )+ / a;(y, £)u (£)dt

j=1 v @;(z°)

"2 B () .
DY RO (4.3

z(x) is a positive and nondecreasing function and z(z°) = ¢(y), then

u(x) < z(x)V7,  x € [2%y]. (4.34)
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We know that

D\Dy. Dyx(x) = :1 (5 83 () (@ (2)) 0y 0 e,
30 BB B oo
< () [gaj(y,&j(m))a;l(:El)a;Q(:Eg)...a;-n(xn) (4.35)
+§;bj(yagj(x))wl( 2P(B,()) B B 5kn] :
Using (4.35), we have _
Dleq/pf n? Zaj 0,5 (2)) sy (1) (2) . 0 () (4.36)

Using D1Ds...D,—12(x) >0

+ Z bj(y» Ej(x))wl (Zl/p@j (37)))5;@15;625;«1] .

14(a=P)/P(g) > 0, D,(z) > 0 and by (4.36), then

Y p -

Dn (DngDnlz(l')) < DngDnZ(.Z')

24/ (1) - )
< Yl d5(e)aj(m)ay (@) g () (437)
+D b w1 (27 (B(2))) B Bra-Bon

Fixing z1, T, ..., T,_1,8¢etting x,, = ¢, and integrating (4.37) from z° to z,,, we obtain

IN

D1D2...Dn,12(.73)

ZQ/P(x)
i ajn(Tn) , , ,
Z/ aj(yaaj1<x1)aaj2(aj2)v"'aajn—l(xn—1)7ajn(tn))ajlajZ"'ajn—ldtn
j=1 7 @jn(})
51m CL“n
+Z/ kY, Bra (1), Bra(22), - Bkn—l(xnfl)vtn)w1<zl/p(6k1751@27"‘Jﬁkn—lvtn))

5k1 (xl)ﬁm(@)--ﬂknq (Tn-1)dty.



Using the same method, we reduce that

O‘jn(wn)

jn(Tn) ,
/ aj(y, Oéjl(l‘l), tg, ceey tn)ajl(xl)dtn"'dt2]
jn(29,) ajn(z)

VAN
1M
Q\

+Z / / bk(yaﬁkl(xl)vt%'“atn)
k=1 |YBin(=d) Bjn ()

w1 (2P (B (21) ooy ) By (1) ..ty

(4.38)
Integrating (4.38) form z9 to x;, we obtain
P D/P () D q)/p( ) i Hw) (y, t)d
A r) < c” y) + / a;(y,t)dt
p—q pP—q a0y
2 Br(z) )
+3 [  n )
k=1 v Br(z)
for all x € [2°;y], which implies that
p— g [GW
Z(pfq)/p(x) < c(pfq)/p<y)+_ / a;(y, t)dt
P D a0
o B(z)
Rl - /~ be(y. tywn (217 (1)) dt. (4.39)
p i—1 ¥ Br(z)

We setting ry(z) = 2P~9/P(z), the (4.39) can be rewritten as

p

— g B (=)
@) <o)+ S0 [ g @)
k=1 Br(®

Defining v(z) on [z°%;y], by

(4.40)
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by (4.40), we have v(z°) = p(y) and
AP/ () < w(x), (4.41)

and

DiDy...Dpo(z) = ?Zbk(y’gk(@)wl(ri/@q)(gk(x)))ﬁ;ﬂ@;cz--ﬂ;m
k=1

IN

P03 bty Bl B ) B o
k=1

By using the same method above, we obtain

Dyv(x)
wy (v(z)V/r—a)

n2 [ pBn(an)
e

p — q Bjn(x’ﬂ) ,
< Ly [ 0 B )t )t
p k= Bjn(23) B

(4.42)

1 jn(x%)

Integrating (4.42) form ¥ to x;, we obtain

U1 (v(x)) < Wi(p(y)) + 7% ; /;(<j be(y, t)dt (4.43)

and from (4.43) and for any arbitrary y, we get

v(y) < ¥yt

n2 B ()

p—q

)+ 03 [ t)dt] 4
p i1 ¥ Br(z®)

From (4.44) and (4.41), we reduce to :

P

oz Br(y) p—q
) + 1S | bk<y,t>dt]) S (4

p k=1 Bk(wo)

2(y) < (\Ifll

By (4.45) and (4.34), then

1

_ g Br(v) P—q
wpw) + 1Y [ t)dt] )

p k=1 Bk(ﬂ»‘o)

u(y) < (\Ifll

Since y < z*is arbitrary we are done with the proof. =



71

Proof. (Theorem 61) Fxing any arbitrary numbers 7 = (71,...,7,) € R’} with
2% < 7 < ¢, we define on [z°; 7] a function z(x) by
a;(x)
2) = +Zd / (7, ) (u(t) yor (u(t) )dt
a;(20)

n2 B (x)
F ) [ Do)ttt

k=1
z(z) is a positive and nondecreasing function and z(z°) = ¢(7), then

u(r) <9 (2(@); @€ 7).

We know that

D1Ds...Dyz(x) = Zd T)a; (T, o (x

+ Z e (T)be(7. By (2)) @ (u( By (2)) Jwa (B () B Bz Brens

2))®(ul@; (2)))wr (u(@;(x))aj 5.,

[zd oy 52 (G () s,

IN

+ Zlk<7—)bk(7—7Ek@;))w2(90_1(Z(Bk(x)))ﬁ;clﬁ;c?"ﬁ;m] :

Using the same method in proof of the Theorem 51, and for all z € [2°; 7], which

implies that :
i(@)

2(z) < G771 +Zd /(0) (7, tyw (u(t))dt

n2 Bi(z )
—i—Zlk(T)/B bk<7-7t)w2(u(t>)dt] )

By (x0)

k=1

Defining v(z) on [2°; 7] by
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We have v(z°) = G(c(7)) and

and
u(z) < o G (@), (4.46)

and we can obtain :

!

D D _D U .I' / ’
wl(gol_lzG_l( @ Zd T)a;(T, o ( ))04]-1(a:l)aﬂ(xg)...ajn(a:n)

+Zlk )or (T ﬁk ))5;1(3;1)622(372)5271(5%)

By using the same method above, we obtain :

+§:zk(7) /ﬁ o bk(r,t)dt] | (4.47)

k()

for any arbitrary numbers 7 € R, with 2% < 7 < ¢&.

from (4.46) and (4.47), we reduce to :

u(t) < ¢t {Gl (klfll
n2 B (7)

(T by, T, d .

S [ i)

1

Since 7 is arbitrary and 7 < &, we obtain the result in the Theorem 61. =
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4.4 Applications
4.4.1 Partial delay differential equation in R>

In this section we present applications of the inequality (4.30) Corollary 60 to study
the boundedness and uniqueness of the solutions of the initial boundary value problem

for partial delay differential equations in two variables of the form

D2Dlu<x>y) = f (wﬂ y,U(.I', y),U(ﬂf - h,l(flf), y— h?(y))) ) (448)

u(z,yo) = ai(z), w(wo,y) =az(y), ai(wo) = az(yo), (4.49)

Where f € C(A X RQ ,R ), ay & Cl(Jl ,R ), ag — Cl(J2 ,R ), hl € Cl<J1 7R+
), hy € CY(Jy ,Ry ) such that x — hy(z) >0, y—hao(y) >0, Bi(xz) <1, hy(z) <1

and hl(l'[)) = hg(yo) = O

Where J; = [xg,a] € Ry, Jo = [x0,0] € Ry and A = J; X Js.

Our first result gives the bound on the solution of the problem (4.48),(4.49).

Theorem 66 Suppose that
|f (z,y,u,0)| < alz,y) Jul + bz, y) |v], (4.50)
and
|aj@) + az(y)| < K, (4.51)

where a,b € C(A Ry ) and k > 0 is a constant, and let

1 1
M, = _ My = _ . 4.52
pemax gy M= max g (4.52)
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If u(z,y) is any solution of (4.48)-(4.49), then

lu(z,y)| < kexp (A(z,y) + B(z,y)) (4.53)
where
z oy
A(z,y) = //a(s,t)dsdt, (4.54)
o Jyo
_ az) rBy) _
B(z,y) = MlMg/ / b(o,7)drdo (4.55)
a(zo) /B(yo)

in which a(z) = x — hy(x) for x € Jy and 5(y) =y — ha(y) fory € Jo and

b(o,7) =blo+ hi(s), T+ ha(t)), foro,se€ i, T,t€ Js.

Proof. The solution u(x,y) of the problem (4.48)-(4.49) satisfies the equivalent

integral equation

u(z,y) = ar(x) + as(y) + /I /y f (s, t,u(s,t),u(s — hyi(s),t — ho(t))) dsdt. (4.56)

Using (4.50), (4.51) and (4.52) in (4.56) and making the change of variables, we have

oy
lu(z,y)| < k:—i—/ / a(s,t) |u(z,y)| dsdt
zo Jyo

a(z) rB~y)
MM, / / b0 7) |u(z, y)| drdo. (4.57)
a(zo) Y B(yo)

Now a suitable application of the inequality (4.30) given in Corollary 60 to (4.57)
yields (4.53). The right-hand side of (4.53) gives us the bound on the solution u(x, y)
of (4.48)-(4.49) in terms of the known functions. Thus, if the right-hand side of (4.53)
is bounded, then we assert that the solution of (4.48)-(4.49) is bounded for z,y € A.
|

The next result deals with uniqueness of the solutions of the problem (4.48)-(4.49).
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Theorem 67 Suppose that the function f in (4.48) satisfies the condition
|f (.T, Y, u, U) - f (l‘,y,ﬂ,gﬂ S a(:z:,y) |U' - ﬂ| + b(l‘,y) |U - 6| ) (458)

where a,b € C(A R, ), and let My, My, o, 3,b be as in Theorem 61.

Then the problem (4.48)-(4.49 has at most one solution on A.

Proof. Let u(z,y) and u(z,y) be two solutions of (4.48)-(4.49) on A, the we have

u(ey) —a(z,y) = / ) / C1F syt uls, (s — B (s), £ — ha(£)))

— f (s, t,u(s,t),u(s — hi(s),t — ha(t)))] dsdt.  (4.59)
Using (4.58) in (4.59) and making the change of variables, we have

u(z,y) — Wz, y)| < /x/ya(s,t) (s, t) — (s, £)] dsdt

afz)  rBy) _
+M1M2/ / b(o,7)|u(o,7) —u(o, )| drdo(4.60)
a(zo) JB(yo)

Now a suitable application of the inequality (4.30) given in Corollary 60 to (4.60).
Therefore u(z,y) = u(z,y); there is at most one solution of the problem (4.48)-(4.49)

on A. m

4.4.2 Partial delay differential equation in R”

In this section we present an immediate application of our results (Theorem 51 and
Corollary 62 ) to study the boundless of the solution of delay partial differential
equation.

First we consider the nonlinear partial delay differential equation in R™:
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Duf(z) = h(x,u(x),u(z — a(z)),
uP(0, o, T3, ..., T,) = c1(x1),
uP(0, 9, T3, ... Tp_1,Tn) = Cp(xy) (4.61)
UP (o 21,0, T441,...) = ¢i(x;) for all i = 2,3, ....n — 1,

¢;(0)=0foralli=1,2,...n.

\

For x = (x1; 22, ..., x,) € R} and a(z) = (oq(21), az(z2), ..., an(2,)) € RY for a; ,¢; €
CHRy,Ry) for i =1,2,...,nwhere h: R? x R x R — R, is continuo function.
Assume that those functions are defined and continuous on their respective domains

of definition such that

a(x) <z, forall x = (z1;29,...,x,) € R}

" (4.62)

and

|, u, 0)| < alx) [o()|" + b(x) [o(x)]”, (4.63)

for x € R, where p > ¢ > 0. is a constants and a(z), b(x) are nonnegative, continuous
functions defined for z € R’}. If u(x) is any solution of the boundary value problem

(4.61), then

uP(z) = Z ci(x;) +/0 h(t,u(t),u(t — a(t))dt, (4.64)

=1

For all z,t € R} with 0 <t < z. using (4.61),(4.63) and by making the change of

variables in (4.64), we have

d() -
|u” ()] < c(x) +/0 a(t) [u(®)* + b(t) lu(@)|" dt, (4.65)
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with e(z) = S |ei(e)], @b e CHR™,R,).

(e1) Now a suitable application of (a;) in Theorem 51 to (4.65), when &; = B,

, aj(z,t) =a(t), bp(z,t) = b(t) with j = k =1 and w;(u) = uP~ ¢, then we obtain the

boundless of the solution u(x) :

_ . a@ = (o) _
u(z) < <c(”‘0/p(:1:)+]% /0 ?i(t)dt) exp (]13 /0 b(t)dt). (4.66)

(e2) Or by an application direct of Corollary 62 to (4.65), then

u(z) <

¢ exp [L / " [’d(t} +E(t)] dt] . (4.67)

pP—q
Remark 68 In the special case (p = 2 and g = 1) in the boundary value problem

(4.61), we can obtain :

(i) by using (4.66),we obtain

a(z) az)
u(w) < (N/c(@% /0 a(t)dt> exp (% /0 b(t)dt).

(ii) Or by using (4.67), then
a(z) -
u(z) < 2+/c(x) exp 2/ [Zi(t) + b(t)] dt| .
0
We note that the results given here can be very easily generalized to obtain explicit
bounds on integral inequalities involving several retarded arguments.

Remark 69 Using similar method of those in the proof of Theorems above, we can

also obtain a new reversed inequalities of our results.
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Résumé

Le but de ce travail est de donner une exposition des résultats classiques
de certaines inégalités intégrales apparus dans la littérature mathématique dans
ces derniéres années; et de établir quelques nouvelles inégalités intégrales,
integrodifférentielles inégalités et aussi quelques nouvelles inégalités intégrales
avec un terme de retard.

Les résultats donnés ici, peuvent étre utilisés dans la théorie qualitative de
certaines classes des problémes de valeur aux limites pour les EDP, EDP avec
un retard, équations différentielles, équations intégrales et les équations

integrodifférentielles.



Abstract

The aim of the present work is to give an exposition of the classical
results about integral inequalities with have appeared in the mathematical
literature in recent years; and to establish some new integral inequalities,
integrodifferential inequalities and also many new retarded integral inequalities.
The results given here can be used in the qualitative theory of various classes of
boundary value problems of partial differential equations, partial differential
equations with a delay, differential equations, integral equations and

integrodifferential equations.






